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Abstract. The authors prove that the logarithmic Monge-Ampere flow with 
uniformly bound and convex initial data satisfies uniform decay estimates away 
from time t = 0. Then applying the decay estimates, we conclude that every 
entire classical strictly convex solution of the equation 



detD u = exp{n(— u + - 2_^,Xi — — )}, 



should be a quadratic polynomial if the inferior limit of the smallest eigenvalue of 
the function \x\ 2 D 2 u at infinity has an uniform positive lower bound larger than 
2(1 — 1/n). Using a similar method, we can prove that every classical convex or 
concave solution of the equation 




must be a quadratic polynomial, where \i are the eigenvalues of the Hessian D 2 u. 
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In 1915, S. Bernstein [9] proved his celebrated theorem that the only entire min- 
imal graphs in 3 dimensional Euclidean space are planes. In 1954, K. Jorgens |11| 
proved that every classical strictly convex solution of the equation 



must be a quadratic polynomial, and Bernstein's theorem can be proved using this 
result. Meanwhile, E. Calabi (n < 5) [7] and A.V. Pogorelov (n > 2) |5j extended K. 
Jorgens' theorem to M. n . Later J. Jost and Y.L. Xin had an alternative proof for this 
result [TO]- In 2003, L. Cafarelli and Y.Y. Li [15] gave an extension to the theorem 
of K. Jorgens, E. Calabi and A.V. Pogorelov. In that paper, they presented another 
proof of the theorem of K. Jorgens, E. Calabi and A.V. Pogorelov and did research 
on the asymptotic behavior of convex solutions. They also used their results to 
reprove the Bernstein theorems. Recently, A.M. Li and R.W. Xu [I] showed that 
every smooth strictly convex solution on M. n of the Monge-Ampere type equation 
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must be a quadratic polynomial where do, d\, ■ ■ ■ ,d n are constants. 

From [17] . we know that the gradient graph (x, V«) determines a volume mini- 
mizing surface in C n if and only if u satisfies the special Lagrangian equation 

n 

arctan Aj = 0. 

i=l 

Here, Aj are the eigenvalues of the Hessian D 2 u and G is a constant. It belongs to 
an important class of fully nonlinear elliptic equations which has been studied by 
various authors (cf. J.G. Bao, J.Y. Chen, B. Guan, M. Jin [8J, Y. Yuan [22J). A 
Bernstein type theorem has been proved in [22]. It tells us, that if u is a smooth 
convex function and satisfies the special Lagrangian equation in W 1 then u must be 
a quadratic polynomial. 

Lagrangian self-similar solution being part of a minimal cone was investigated in 
[12] with additional conditions on Maslov class and the Lagrangian angle. In this 
paper we mainly do research on a Bernstein type problem for self-shrinking equations 
of the Lagrangian mean curvature flow in Euclidean and pseudo-Euclidean space. 

Consider the logarithmic Monge- Ampere flow, (cf.|14j) 



(1.3) 



' du 1 

lndet£> 2 n = 0, t > 0, xG 

at n 



u = u (x), t = 0, ief. 
By Proposition 2.1 in [18] . there exists a family of diffeomorphisms 

r t : R n -> R n , 

such that the maps 

F{x,t) = (r t (x),Du(r t (x),t)) C R 2 n n , 
F (x) = (x,Du (x)). 

satisfy the mean curvature flow in pseudo-Euclidean space: 

f — = t 

(1.4) <^ dt ' 

(F(x,0) = F (x), 

where ^ is the mean curvature vector of the sub-manifold defined by F. 

Definition 1.1. Assume that function uq(x) £ C 2 (IR n ). We call uq(x) satisfying 
Condition A, if 

AI > D 2 u (x) >XI, x e R n . 
Here A, A are two positive constants and I is the identity matrix. 

For the logarithmic Monge-Ampere flow, the first author has obtained the long 
time existence and the global estimates of derivatives of solutions (cf. Theorem 1.2 
in ESI). 
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Proposition 1.2. Let uq : R n — > R be a C 2 function which satisfies Condition A. 
Then there exists a unique strictly convex solution of hl.Sfy such that 

(1.5) u(x, t) e C°°(R n x (0, +oo)) n C(R n x [0, +00)) 

where u(-,t) satisfies Condition A. More generally, for I G {3, 4, 5 • • • } and eq > 0, 
there holds 

(1.6) sup \D l u(x, t)\ 2 <C, Vte (e ,+oo), 

x£R n 

where C depends only on n, A, A, — . 

£0 

In fact, in this paper we will prove the following stronger result: 

Theorem 1.3. Assume that u(x,t) is a strictly convex solution of $1.3\) . and u(-,t) 

satisfies Condition A. Then there exists a positive constant C depending only on 
1 

n, A, A, — , such that 
£0 

C 

(1.7) sup \D 3 u(x,t)\ 2 <—, Vt > e - 

More generally, for all I G {3, 4, 5 • • • } there holds 

C 

(1.8) sup \D l u(x,t)\ 2 < -J-,, Mt > e . 

Remark 1.4. For the special Lagrangian evolution equation H.13\) . there are similar 
results in the paper [I] . 

Next we consider the following Monge- Ampere type equation 

1 n du 

(1.9) det£> 2 u = exp{n(-u + - Vi;- -)}. 

2 ^— ' Oxi 

i=i 

According to definitions in [20] , we can show that an entire solution to (jl.9p is a self- 
shrinking solution to Lagrangian mean curvature flow in Pseudo-Euclidean space. 
As an application of Proposition 11.21 and Theorem 11.31 we can prove that 

Theorem 1.5. Assume that u : 1" — > R is a C 2 strictly convex solution of il.9\) 
which satisfies 

2(n — 1) 

(1.10) liminf \x\ 2 /j(x) > — -, 

x— >oo n 

where n(x) is the smallest eigenvalue of D 2 u. Then u must be a quadratic polyno- 
mial. Furthermore, there exists a symmetric real matrix A such that 

(1.11) u = u(0) + - < x, Ax >, 
where det A = e ~ nu ^ . 
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Remark 1.6. In dimension 1, assume that u is a smooth solution of lll.9\) with 
u'(0) = 0, then 

u = u(0) + ^e- nu(0) x 2 . 

This follows from the existence and the uniqueness results of ordinary differential 
equations. 

By Theorem 11.51 and by (jl.lip we know that condition (jl.lOp implies 
(1.12) Vu(0) = 0. 

Then, a natural question is presented. If we weaken condition (jl.lOp to (I1.12p . does 
the same result in Theorem 11.51 still hold? 

In |13j . the special Lagrangian evolution equation can be written as 



(1.13) 



' du 1 , det(/ + y/-LD 2 u) n 

In . =0, t > 0, x e 



dt V^l y/det(I + (D 2 u) 2 ) 

u = uo(x), t = 0, x £ 
It is well-known that there exists a family of diffeomorphisms 



such that 

F{x,t) = (r t (x),Du(r t {x),t)) C R 2n , 
F (x) = (x,Du {x)) 
satisfies the mean curvature flow in Euclidean space: 

(1.14) <^ dt 

(F(x,0)=F (x), 

where is the mean curvature vector of the sub-manifold defined by F. 

Consider the entire self-shrinking solutions to Lagrangian mean curvature flow 
in Euclidean space. When the Hessian of the potential function u has eigenvalues 
strictly uniformly between -1 and 1, A. Chau, J.Y. Chen and W.Y. He showed that 
all self-shrinking solutions must be quadratic polynomials. The next two theorems 
generalize their results [2]. 

Theorem 1.7. Let u be a C 2 self- shrinking solution to Lagrangian mean curvature 
flow in Euclidean space: 



n 1 n 

(1.15) arctan Xj = —u H — 



du 

2^ Xi dx~ 
i=i i=i 



where A, (i = 1, 2, • • • , n) are the eigenvalues of Hessian D 2 u. Suppose that 
(1.16) - 1 < Aj < 1, 

then u must be a quadratic polynomial. 

Theorem 1.8. Let u be a C 2 convex or concave solution to h!.15\) . Then u must 
be a quadratic polynomial. 
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Here we use some techniques in [22] and some ideas developed in the proof of 
Lemma E2J We only use the elliptic equation (11 . 15H . but don't need the parabolic 
equation (11 . 13f) . 

This paper is organized as follows. In section 2, we obtain the differential in- 
equality (|2.ip . which plays an important role in the third order decay estimates (see 
Lemma \2.2\i . Then we complete the proof of Theorem 11.31 by the blow-up argu- 
ment. In section 3, we give the proof of Theorem 11.51 by the second order derivative 
estimates for the equations of Monge- Ampere type (ll.9p . In section 4, we prove 
Theorem O and [LHl 

2. THE DECAY ESTIMATES OF THE LOGARITHMIC MONGE-AMPERE FLOW 

Throughout the following Einstein's convention of summation over repeated in- 
dices will be adopted. Denote 

Ul = dx~' Uij = dx~dx~' Uijk = dx-dx-dxS ' ' ' ' and [u%3] = [uij] ~ ' 

We introduce the comparison principle for solutions of Cauchy problems which be- 
longs to Y. Giga, S. Goto, H. Ishii, M-H. Sato (cf. a special version of Theorem 4.1 
in IHI). 



Lemma 2.1. Suppose that the functions a*, a* G C^QR™ x (0,+oo)) n C(R n x 
[0, +oo)) and u satisfies Condition A. If there exists a positive constant C , such that 

(j* < C, a* < C, 

and ct* , a* satisfy 



- -u ij a nj + -^al < 0, Mt > 0, x G 
n 2n z 



d t a* - -u ij at, + tt^tcj* 2 > 0, Vt > 0, x G 
n J 2n z 

<J*<o-\ t = 0, Vx G R n . 



Then there holds 



c* < cr*, Vt > 0, x G 



We are now in a position to describe Calabi's computation. It is used by A.V. 
Pogorelov and L. Caffarelli, L. Nirenbgerg, J. Spruck, to estimate the third deriva- 
tives of Monge- Ampere Equation (cf. [5], |16j). Here we use his methods to carry 
out the third derivatives of Monge- Ampere Equation of parabolic type. 

Let 

a = u kl u pq u rs u kpr ui qs . 

Then the expression measures the square of the third derivatives in terms of the 
Riemannian metric ds 2 = Uijdx l dx l . We establish the following lemma which is a 
parabolic version of Lemma 3.1 in |16j . 
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Lemma 2.2. Let u be a solution of M.3\) . Ifu(-,t) satisfies {773]) and Condition A. 
Then a satisfies a parabolic inequality: 

(2.1) d t a - -u ij aa + -^a 2 < 0, Mt > 0, x 6 W 1 . 

n 2n l 

Proof. Note that 

du ab = -u ac du cd u db , 

d t a = 2u kl u pq u rs d t u kpr ui qs - 3u ka d t u ab u bl u pq u rs u kpr ui qs . 
By the equation (|1.3p . we have 

dtu a = -U lj U ai j, 
n 

OtUab = -U lj Uabij - -U %C U jd U aij U bcd , 

n n 

l^kprij 1^ ^ ^rab^kpij 

UpcdV'krij ^ ^ ^kij^prcd 

H ?i 1i U ra ^U? Ukij^pcd ^ ^ ^ 'U j rab f U j kij f U j 'pcd t 

Tl 71 

Then 
( 2 - 2 ) 

n9j(T =2u kl u PQ u rs u lj ui qs Ukprij - 6u M u pq u rs u ta u jb ui qs u rab u kpi j 
+ Au kl u pq u TS u ia u cb u jd ui qs u rah u kij u pcd 

- 3u ka u bl u pq u rs u ij u kpr u lqs u aUj + 3u ka u bl u pq u rs u ic u jd u kpr ui qs u aij u bcd . 
By the computation in [16], we have 

u %3 Oij =2u kl u pq u rs u tJ ui qs u kprij + 2u kl u pq u rs u lJ u kpri ui qsj 

- 12u ka u bl u pq u rs u ij u abi u lqs u kprj 
+ §u ka u bl u pc u dq u rs u % iu kpr ui qs u abi u cd j 

- 3u ka u bl u pq u rs u ij u kpr ui qs u abij 

+ 3u kc u ad u bl u pq u rs u ij u kpr ui qs u abi u cdj 
+ 3u ka u bc u dl u pq u rs u l: >u kpr u lqs u ab iU cdj . 

At any point x, we may assume that Uij is diagonal after a suitable rotation. So the 
simplified versions of (|2.2|) . (|2.3p are 

7l(9t<T =2u kk U PP U rr U U U kpr U kpr ii — 6u kk U PP U rT U U U^ U kpr U r ijU kp ij 
I 4xi 7/ 7/ ?X U '^'kpv'^'vic'^'kij ^pcj 

— 3u kk u bb u pp u rr u n u kpr u bpr u kb a + 3u kk u bb u pp u rr u %t u^u kpr u bpr u k ijU b ij, 



(2.3) 
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IX (J <ij — 2^7/ IX IX IX ^Xfcpv'^'kpvH I 2li IX IX IX ^Xkpvi'^'kpvi 

- llu^U^U^U^U^UkuUbprUkpri + ^>U kk U bb U PP U M u" U n U kpr U bdr U kbi U pdi 

- 3u kk u bb u pp u rr u ii u kpr u hpr u kU i + 3u* fc « M u w «P p u' T u ii «fcp r tt i p r u a 6itttei 
+ 3u kk u bb u dd u pp u rr u ll u kpr u dpr u kbi u bdi . 

Let 

A = U U FF U U U HH U U kpr Ul qr UkliU pqi , 

B = u kk u pp u rr u ll u qq u ii u kpT ui pr u kqi ui q i. 

Then, we get 

nd t a =2u kk u pp u rr u ll u kpr u kpr a — 6u kk u pp u rr u u u^u kpr u ri jU kp ij 
- Zu kk u hb u w u rr u ii u kpr u hpr u kU i + <L4 + 3B, 

'ij — ^kpv ^kpvii I ^(X iz ix tx ^kpvi^kpvi 

- 12u kk u bb u pp u rr u n u kbi u bpr u kpri 

- 3u kk u bb u pp u rr u ii u kpr u bpr u kbi i 
+ QA + 3B + 3B. 

It is easy to verify that 

7/ W '^ j kbi'^'bpv'^ j kpTi — ^ ^ ^ ^ ^ '^'kpv'^'T'ij'^'kpij * 

So we obtain 

u^aij — ndtcr =2u kk u pp u rr u ll u kpr iU kpr i — 6u kk u pp u rr u n u^u kpr u r ijU kp ij 
+ 3B + 2A. 



(2.4) 
Thus 



tX *iX XI/ / ^ j kpif i 'h^ j kp'vh \X f iX ^\X ^\X kpt* y % ^ ^^kpt^ 

=2u kk u pp u rr u n [u kpri - ^u ll (u k uu p i r + UpuUkir + u r uu kp i)} 2 

- ^U kk U PP U Tr U U I U U (u k uU p lr + U p nU k l r + U r uU kp l) \ 2 
=2u kk u pp u rr u u [u kpri - -u ll (uuiUpi r + U p uU k l r + U r liU kp l)} 2 

- 3 -B- 6 -A 

2 2 

> — -B — 3A. 
~ 2 

By B > A and B > ^a 2 (cf. [16J), (JUD tells us that 

u ij aij - nd t a > ^B + B - A 

> —a 2 . 
~ 2n 



□ 
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Corollary 2.3. Assume uq(x) be a smooth function satisfying Condition A and 

(2.5) sup \D 3 u \ < +oo. 

xem. n 

Set (To = a | t=o - Then 

(2.6) supa< S ^ gR " a ° , Vi>0, 

i.e, 

(2.7) sup \D*u\ 2 < T^^^^t, Vi>0, 
where C is positive constant depending only on n, A, A. 

Proof. By Schauder estimates, as in the proof of Proposition 11.21 (cf. [18]), we have 

sup a < C. 

Here, C is a positive constant depending only on n, A, A and sup,j, eR n |.D 3 «o|- Set 
(7* = <r and 

(J * = SUP g g R n Q-Q 

In this case, one can verify that 

T+ a * + 9V* = °> 

at 2n z 



with 



a \ t =o = sup CT - 



Then by Lemma Owe obtain (]23j) and ([27f]) . □ 

By now we have proved (jl.7p with an additional condition (|2.5p . Using Krylov- 
Safonov theory and interior Schauder estimates of parabolic equations, we need not 
that uq satisfies (|2.5p for our theorem . 

Proof of Theorem II. 3t 

By Proposition 11.21 we have 

(2.8) sup \D 3 u\ t=£0 < C, 

where C is a positive constant depending only on n,A,A and — . Using Corollary 

[231 h follows from (f!T8|) that we obtain (fL?]) . 

We will derive high order estimates (jl.8p via the blow up argument. To do so, by 
PP, we employ a parabolic scaling now. The remaining proof is routine. Define 

y = fl(x-x ), s = fi 2 (t -t ), 

Un(y,s) = fi 2 [u(x,t) - u(x ,t ) - Du(x ,t ) ■ (x - x )]. 
It is easy to see that 

9 9 d d 



= D x u, — Ull = —u 
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and 



D l Uft = p 2 l D l x u 



v 

for all nonnegative integers I. By computing, u^y, s) satisfies 



— ± - -lndetD 2 n. = 0, s > 0, yG 

as n 



Uti = uti(y,s)\t=t , s = 0, yeM n , 

with 

(2.9) ^(0,0) = D Uf ,(0,0) =0. 

Without loss of generality, we prove (|1.8[) for I = 4 only since the statement follows 
in a similar way for all I by induction on I. 
Note that 

sup |.D 4 u| < +oo, t > eq. 

Suppose that \D A u\ 2 t 2 were not bounded on W 1 x [eo, +oo). By Lemma 3.5 in [19] . 
there would be a sequence t k — > +oo, such that 

(2.10) 2p k := sup \D 4 u{x,t k )\ 2 t 2 k -»• +oo 
and 

(2.11) sup |Z? 4 u(x,t)| 2 t 2 < 2p fe . 
Then there exists x k such that 

(2.12) \D A u(x k ,t k )\ 2 tl > p k -> +oo as t fc -> +°o- 

Let (y,Du flk (y,s)) be a parabolic scaling of (x, Du(x,t)) by = (^y) 3 at (x k ,t k ) 

t k 

for each A;. Thus u^ k (y, s) is a solution of a fully nonlinear parabolic equation 
du Hk _ I 

Combining flUOj) , (pTl) with pT2]l . there holds 
(2.14) |L> 2 ^| = |££u| < nA, (y,s) £l"x (-/#*, 0]; 

< 



0XL 1 

(2.13) - - In det D 2 u^ k = 0, -p\t k < s < 0, y G M n . 



and 



(2.15) VyeR", |D 4 ^J 2 = /i^ 4 |I? 4 U | 2 < 2; 

1^^(0,0)1 >1. 
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Using (|2.13p . by Schauder estimates, there exists a constant C depending only on 
n, A, A, — , such that for I > 4, we derive 

(2.16) V(y,s)eW l x(-fj 2 k t k ,0], \D l yUflk \ 2 < C. 

Combining (j2.9[) . (|2.14j) . (|2.15p and (|2,16p together, a diagonal sequence argument 
shows that Un k converges subsequently and uniformly on compact subsets in M n x 
(—oo,0] to a smooth function Uqo with 

V(y,a) et n x (-oo,0], |d;«oo| = 

and 

|D}«oo(0,0)| > 1. 

It is a contradiction. □ 

3. self-shrinking solutions to lagrangian mean curvature flow in 

Pseudo-Euclidean space 



We now describe the relationship between Monge-Ampere type equations fll.9|) 
and the logarithmic Monge-Ampere flow. 

A solution F(-,t) of (|1.4p is called self-shrinking if it has the form 

(3.1) Af t = >/ = tAf_i for all t < 0, 
where M t = F(-,t). 

Assume that F(x,t) is a self-shrinking solution of (jl.4p . Following Proposition 
2.1 in [18], u(x,t) satisfies 

(3.2) lndetD 2 n = 0, t < 0, i£K n 

at n 

Hence, 

t) + tu(-^=, -1)) = 0, 



i.e., 

(3.3) u(x,t) = -iu(-jL=, -1), i < 0. 



Thus combining (|3.2p . (|3.3p and letting t = — 1, we can verify that u(x, — 1) satisfies 
(HU). 

Conversely, if -u(x) solves (|1.9p , then using (|3.3p . we can obtain a solution F{x, t) 
to (ll.4p which is shrinking . Suppose that u(x) solves (|1.9p . Define 

u(x,t) = —tu(—==). 



One can easily check the family M t = {(x, Du(x,t))\x £ M n } satisfying (|3.ip and 
we also have 

— (x,t) = -u(-=) + -< Vm )T = >=-\ndetD 2 u. 

at y/—t 2, yj—t n 
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In other words, u(x, t) solves the logarithmic gradient flow. By the above discussion, 
there exists a family rt, such that F(x,t) = (rt(x) , Du(rt(x) , t)) is a self-shrinking 
solution of (fL~4j) . 

Based on Theorem 11.31 according to the parabolic equation (II. 3p . we will prove 
the following Lemma by the same methods in [2]. 

Lemma 3.1. Let u : R n — > R be a smooth solution of M.9\) which satisfies condition 
A. Then u must be a quadratic polynomial. 

Proof. If u is a smooth solution to (|1 .9|) . then 

v(x,t) = (l-t)u{-j^=) 

is a solution to (II. 3p for t £ (0, 1) with initial data u(x). Hence applying Proposition 
11.21 to v(x,t) we show that this solution is unique. By Theorem 11.31 there is some 
constant C, such that \D 3 v(x,t)\ < C for t > eq and any x G M n . But one checks 
directly that 

D 3 v{x,t)= 1 D 3 u( 



y/l^t Wl^t 
This implies 

\D 3 u{x)\ = \D 3 u( X ^Iz} -)\ = Vl^t\D 3 v{x^/l^t,t)\ < CVT^t 
v 1 — t 

for any x. It follows that D 3 u(x) = by letting t — >• 1. Then u must be a quadratic 
polynomial. Lemma 13. II is established. □ 

In fact, using the interior estimated skills (c.f. [6]), we can get the upper bound 
for the second derivatives of solutions of (|1.9p under the condition (|1.10p . 

Lemma 3.2. Let u : R n — > R be a smooth strictly convex solution to U.9\) and 
suppose ju(x) satisfies il.lO\) . Then there exists a positive constant Rq depending 
only on n(x), such that 

(3.4) D 2 u(x) <CL, x G R n , 

where C is a positive constant depending only on fj,{x) and \\u\\q2/§ r y Br is a 
ball centered at with radius Rq in R n . 



Proof. Denote 



du d 2 u d 3 i 



and 



OXi OXiOXj OXiOXjOXk 

d 2 

Uij\ % L = u %3 . 

OXiOXj 

Let 7 denotes a vector field. Set 
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We will prove that 

SUP U-y-y < C. 

a;GR n ,7GS™- 1 

2(n — 1) 

By (11.101) . there is some constant A > and some constant Ro, such that 

n 

\x\ 2 fi(x) > A, 

for |x| > Rq + 1. One can define a family of smooth function by 
(1, 0<t<R , 
f Ro < t < R + 1, 



/*(*) = { 



k[t 2 - (Ro + l) 2 ] + |, t>R + l, 



where < k < 1, and (t,(p(t)) is a smooth curve connecting two points (i?o,l), 

3 3 
(-Ro + 1, ^) satisfying -<<p<l. 

We view u 77 as a function on M n x S n_1 . It is easy to see that ,/fc(|x|)ti 77 always 
attains its maximum at 

(p,0 e {(x )7 ) er x s^iacixI) > 0}. 

By (11 . 1Q[) . we have u 77 > 0. Let 

Vk(x) = fk(\x\), w = r]k(x)utf. 

Then at p, 

(3.5) > Lw = u lj (rikit^ij = '/''l///,),,'/^ + 2u JJ (vk)i(u^)j + r] k u lj (u^)ij. 
We assume that 

pe{xe M n ||x| > i? + l}- 

Then at p, the derivative will be the maximum eigenvalue of the Hessian D 2 u. 
By a rotation, we can assume that D 2 u is diagonal with £ as the xi direction. In 
this case, = u\\. Then at p, there holds 

(%«h)j =0, i = 1,2, ••• ,n. 

Hence 

/x (Vk)j , x • , 

(3.6) (un) j = -tin J -, (rjk)j = -r]k ~, J = 1,2, ■ ■ ■ ,n. 

Vk uu 

Clearly, by (jg^jl . 



2u tj (vk)i(un)j ='" 11 (%)i"iii +M n (%)i^in + 



(3 ' ?) - -.u^iWi ^^-2^1^ 



Vk Ull 777 muii 



Let < -, • > be the inner product in R". Differentiating the equation (|1.9p . we have 

1 a 1 1 

-U J Uiji = --til + 7T < X,L>Ui >, 
77- Zi Zi 
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1 1 n U 2 1 

(3.8) -u ij u U ij = - V — ^ + -<x, Dun > ■ 

n n uaUjj 1 

i,j=l JJ 

Substituting (|3.7p . (j3.8|) into (j3.5[) and using 

(Vk)i = ~2kxi, (T] k )ij = -2k8ij, 

we have, at p, 

1 n u 2 - 

Note that 

% 2^ + 2 % 2^ • 

ij=l M « U ii U ll W «i U H 

Combining the above two inequalities, at p, we get 

1 (%)i , % 



> _I 2 fc V u u u u -l^k + Ht <Xj Duu > . 

In view of (|3,6p . 



Then at 



y < x, Dun >= — < x, Dr/ k > . 



( \2 n 

Wl > _2A: V - < x, D Vk > . 

vk - ti 2 



Using Uij > | — 12 for i > 2, we deduce from the above that 



,2^.2 



4£; 2 xf , 2fc(n-l). l2 , , ,9 

> —2k \x\ u±i + nk\x\ wn, 



?7fe A 
i.e., at p, 

4/cxf + 2rj k 



> f]kUix. 



n\x\ 2 — 2 ^" A ^ |x| 2 
Thus if p £ {x G R n ||x| > i?o + 1}, then there holds 
. , 4A;Ax? + 2A% 6A 

(M) »«" £ (A-a^) n | lP " ( a-*^)„' 

And if p £ {x £ R n \\x\ < R Q + 1}, then 

(3.10) max mu-y-y < IMI/^/s v 
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From A3. 91) and (|3.10|) . we obtain 

6A , , 

(3.11) max %u 77 < 9 , T\ h M c 2 (B B ,,V 

a;GR",7£S" _1 7 7 (,\ n ) n " U ^«0+U 

For any fixed x G R n and 7 G S n_1 , let converges to 0, then 

3 6A 

T 11 - (A 2 ("- l ) ) xl + l|n|lc2 (^o+i)- 

So we obtain 

24A 4 
M77 -(3A-^)n + 3 Nb2 ^o +1 ) 

and Lemma 13.21 is established. □ 



Proof of Theorem II. 51 

Introduce the Legendre transformation of u, 

9u . _ *, . du 

Ui = q^-, 1 = 1,2, ••• ,n, u (yi,--- ,2/n) := 2^, Xi faT. - u \ x )- 
1 i=i % 

In terms of yi, • • • ,y n ,u*(y±, - ■ ■ ,y n ), one can easily check that 

dV _ d 2 n ! 
dyidyj dxidxj 

Thus, in view of (|3.4p . 

£>V > _Lj 
And the PDE (|1.9p can be rewritten as 

det D 2 u* = exp{n(-u* + ~ ^ Vi~^—)}- 

i=i ^ 



Using Lemma 13.21 we have 
So 



£>V < CI. 



—I < £> 2 u < CI. 



An application of Lemma 13 . 1 1 yields the desired result. □ 

4. self-shrinking solutions to lagrangian mean curvature flow in 

Euclidean space 

In this section, first we present the proof of Theorems 11.71 Then, by the Lewy 
rotation, we obtain Theorem 11.81 
Proof of Theorem 11.71 

For x G W 1 , let 

, _ f 1 \x\ S Ro 

^W-\-jfe(|x|2_ijg) + i \x\^Ro- 
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Here Ro and k < 1 be two positive constants which we will determine later. Similar 
to [22], we denote 

n 

9ij = &ij ^ Uik^kj- 
k=l 

By (I1.16D . we have 

—I < D 2 u < I. 



We set 

<j)(x) =r]k e alndet9 , 

where a is a positive constant which will be determined later. Assume that at the 
point p, 4> attains its maximum value. Obviously, at p, rjk(p) > 0. If 

p £ {X G R n \\X\ > R }, 

then 

(4.1) (rj k )ij = -2k&ij, (rj k )i = -2kxi. 
At p, we get 

(4.2) Drjk + rj k aDlndetg = 0, 



and 

>g ij faj 

=9 ij (Vk)i j e alndet9 + 2^( % ) i (e Qlllde % + ^rj k (e a ^ det % 
=e alndet9 [g ij (m)ij + 2^(%) i (alndet 5 ) i + ^ (a lndet g) is 
+ r]kg tj (a lndet #);(aln detg)j]. 

We pick a coordinate system satisfying = uuSij at p. Then, inserting (14. ip and 
(14. 2|) to the above inequality, at p, we get 

(4.3) > —2k^2 2 ^kQ 13 '{ot In det g)ij — rj k g 1 ^ (alndet g)i(alndet g)j. 

Differentiating ()1.15j) twice, we have 

Ik V>i ± „ 

g uiu = -— + -< x,Dm>, 

- l 

g lk Ulkij = g^g^Ulki y](UmsjUsn + U ms U sn j) + - < X, DUij > . 

8=1 
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Similar to Lemma 2.1 in [22J, WG cUTlVG clt, Hit 
(4.4) ^'(lndetg)y 

= ^'(5 a6 )i(5a6)i +9 ij 9 ab (9ab)i j 

n n 

= -9 ii 9 aa 9 bb uL(uaa + u bb ) 2 + ^ g ij g ab u abij ( Uaa + u bb ) 

i,a,b=l a, 6=1 

n 

+ £ 2<TV^L 

i,k,a=l 

n n 

= 2 9 aa 9 bh 9 cc u 2 abc {l + u aa u bb )+ 9 aa Uaa<x,Du aa > 

a,b,c=l a,b,c=l 
n 

= 2 Y 9 aa 9 bb 9 cc u 2 abc (l+u aa u bb ) + -<x,Dlndetg>. 
a,b,c=l 

Inserting the above equality into fl4.3f) and combining (14.ip with (14. 2p . we obtain 

1 ™ 
> -2kn + r] k a- < x,Dlndetg > +2%a g aa g bb g cc u 2 abc (l + u aa u bb ) 



a,fe,c=l 



-4 % a 2 ^/(^ 5 aa n aa u aai ) 2 



i=l a=l 



1 n 

> - - < x, Drj k > -2kn + 2r, k a ^ g aa g bh 'gFi&cQ + u aa u bb ) 

a,6,c=l 

n 

-4nW ^ g bb g aa g aa u 2 aa u 2 aab 



a,b=l 

n 

> fc(|x| 2 - 2n) + 2 % a(l - 2n 2 a) £ /V V a «a6- 

o,6=l 

If we take 

(4.5) R > V2n, and a < 

we have a contradiction. 

Assume the function In det g is not constant in M. n . Then there is a ball Br 
centered at with radius Ro satisfying (|4.5p . such that the function In det g is 
not a constant in Br . Suppose that In det g attains its maximum value in Br . 
Applying strong maximum principle to (|4.4p . we obtain lndet g is a constant. This 
is a contradiction. Hence In det g attains its maximum value only on the boundary 
BBr . Similarly, in B ^j r2+1 . In det g also attains its maximum value only on the 

boundary dB / R 2 +1 - We assume that the points p\ and P2 be maximum value points 
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with respect to 8Br q and dB ^j r2+v namely. 

max In det g = In det g{p\ ) , 

_ max In det g = In det gipz). 

Then 

lndet < In det g(p2)- 

But the equality can not hold. In fact, if the equality holds, then the function 
In det g achieves its maximum value in the interior of the domain B ^j r2+1 - This is 

a contradiction. So we can choose k sufficiently small such that 

cP(P 1 ) = (detgn Pl ) < (1 - k)(detgn P2 ) = </>(&). 

This means that, for fixed u, we can choose suitable k such that the maximum value 
of 4> only occurs in the set 

{X € R n ||X| > R }. 

But we have proved that it is impossible. Thus the discussion implies the function 
In det g is a constant. So by (j4.4|) . we have 

g aa g bb g cc u 2 abc (l + u aa u bb ) = 0. 
Now we can use the same argument of Proposition 2.1 in |22j . We obtain 

U 2 abc (l + UaaUbb) = ulbci 1 + UbbU C c) = ulbci 1 + U cc U aa ). 

Observe that one of u aa u bb , u bb u cc and u cc u aa must be nonnegative, we get, at every 
point, 

U a bc = 0. 

Consequently, u is a quadric polynomial. □ 
Proposition 4.1. Assume that u be a smooth solution to 111.15]) and D 2 u satisfies 
(4.6) D 2 u > 0. 

Set Lewy rotation[22\, 

(4.7) 



x + Du(x) 

x ~ 
Du(x) - 



V2 
x + Du(x) 



V2 

Then u is a smooth solution to 111.15]) and D 2 u satisfies I11.16\) . 
Proof: Suppose that 

F = arctan(Ai) + • • • + arctan(A n ), G = —u + — < x, Du >, 

8F _ OF dF 
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Then 
(4.8) 

By g2D, we get 
(4.9) 
So 

(4.10) 

By (fl~T5|) and ([HD, we have 

dF dG 1 



dF _ dF dx 
dx dx dx 



x 



Du(x) 



x — Du(x) 

x + Du{x) 
V2 



dx I — D 2 u(x) 
dx 



V2 



(4.11) 

Using gSD, (ITOjl . KTT\i and 

we obtain 
(4.12) 



Du H — xD 2 u 
dx dx 2 2 



x + Du(x) 1 ^ 2 -/-N\dx 
_^ + -(s-ZMs))(J + Z>Vs%. 



<9x <9x 

02 <9x 



a p -i i 

— = — (x + Du(x)){I - D 2 u(x)) + -(x- Du(x))(I + D 2 u(x)) 
dx A 4 



1 



1 



= — Dm H — xD u. 
2 2 

From (|4.7p . we see that 

(4.13) L> 2 u = (J + J D 2 u)" 1 (- / + ^ 2u )- 

Hence, 

TlH — 

( 1 . 1 1 1 arctan(Ai) + • • • + arctan(A ra ) = — + (arctan(Ai) + • • • + arctan(A n )). 
Set 

F = arctan(Ai) + • • • + arctan(A n ), G = —u + - < x,Du > . 
Combining (|4.12|> with (|4.14[> . we obtain 



By dH3]), 



dF 1 1 ^2 



-J < L> 2 u < J. 



This completes the proof of Proposition 14.11 □ 
Proof of Theorem II. 8t 

Case 1. Assume that u be a smooth convex solution to (|1.15|) . By Lewy rotation 
(14. 7j) in Proposition 14. 1^ u is a smooth solution to (11 . 15|) and D 2 u satisfies (j!.16j) . 
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Using Theorem 11.71 D 2 u must be a constant matrix. From (14.130 . we deduce that 
u is a quadric polynomial. 

Case 2. Assume that u is a smooth concave solution to (|1.15p . Set u* = —u, then 
u* must be a quadric polynomial by case 1. 

So we have the desired results. □ 
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